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1.1 $\mathbb{Z}_{2k}$ Type II Code
$\mathbb{Z}_{2k}=\{0,1,2, \ldots, 2k-1\}$ $2k$ $\mathbb{Z}_{2k}^{n}$ $\mathbb{Z}_{2k^{-}}$
$\mathbb{Z}_{2k}$ $n$ code $C$ coding theory
Hamming weight lattice Euclidean
weight weight $\text{ }$ $x=(x_{1}, x_{2}, \ldots, x_{n})$
Euclidean weight $wt_{E}(x)$ $\sum_{i=1}^{n}\min\{x_{i}^{2}, (2k-x_{i})^{2}\}$ $C$
minimum Euclidean weight $d_{E}$ ? 0 Euclidean weight
$\circ$ C dual code $C^{[perp]}$ : $\text{ }C^{[perp]}=\{x\in$
$\mathbb{Z}_{2k}^{n}|x\cdot y=0(\forall y\in C)\}$ $x=(x_{1}, \ldots, x_{n})$ $y=(y_{1}, \ldots, y_{n})$
( $x\cdot y=x_{1}y_{1}+\cdots+x_{n}y_{n}$ $\circ$ C $=C^{[perp]}$ $C$ self-
dual $\text{ }$ $\mathbb{Z}_{2k}$ self-dual code codeword Euclidean
weight $4k$ Type II code $\mathbb{Z}_{2k}$
Type II codes [1] self-dual code even unimodular
lattice $k=1$
binary Type $\mathrm{I}\mathrm{I}$ code \Phi
1228 2001 35-42
35
1.2 Construction $\mathrm{A}_{\backslash }$ Leech lattice &Niemeier lat-
tice
code even unimodular lattice
Construction A binary code
([4, 7 ] ) $\text{ }$ $\mathbb{Z}_{2k}$ [1]
1(Construction $\mathrm{A}$). $C$ $\mathbb{Z}_{2k}$ Type $\mathrm{I}\mathrm{I}$ code $C$ min-
imum Euclidean weight $d_{E}$ $\text{ }$
$A_{2k}(C)= \frac{1}{\sqrt{2k}}${ $(x_{1},$ $\ldots,$ $x_{n})\in \mathbb{Z}^{n}|(x_{1}(\mathrm{m}\mathrm{o}\mathrm{d} 2k),$ $\ldots,x_{n}$ (mod $2k))\in C$ }
minimum norm $\min\{d_{E}/2k, 2k\}$ even unimodular lattice $\circ$
lattice
[4]
24 even unimodular lattice 24
Niemeier [8] Niemeier
lattice minimum norm 4
Leech lattice [3]
$\Lambda$ A norm $m$ 24
norm $m$ orthogonal frame $\text{ }$ A norm $2k$
orthogonal frame $\mathbb{Z}_{2k}$ 24 extremal Type $\mathrm{I}\mathrm{I}$ code
[2] 24 extremal
Type $\mathrm{I}\mathrm{I}$ code minimum Euclidean weight $8k$ $\circ$
extremal Type $\mathrm{I}\mathrm{I}$ code Construction A lattice
Leech lattice
2 Leech lattice orthogonal frame
Chapman [2] Leech lattice A orthogonal frame
$\mathrm{A}$ $2k\geq 4$ . Leech lattice norm $2k$ orthogonal
frame ?
36
Chapman $\Lambda$ norm $m$ orthogonal frame ‘
$l$ l norm $lm$ orthogonal frame
$\text{ }$
$p\neq$ norm $2p$ orthogonal
frame $k\neq 11^{f}$ $2k\geq 4$ norm $2k$
orthogonal frame $\text{ }$ $\text{ }$ A
:
$\mathrm{B}$ Leech lattice norm $k=22$ orthogonal frame
\emptyset ?
$\text{ }$ norm $2k$ orthogonal frame $\Lambda$ (
24 $\mathbb{Z}_{2k}$ extremal Type II code Construction A
$\mathbb{Z}_{22}$ extremal Type $\mathrm{I}\mathrm{I}$ code
$\text{ }$ Leech lattice orthogonal frame




$A=[.192121102121211913371^{\cdot}1921102121211921211337$ $212110212121192113373212121212119211312373$ $.2121212119212113121973212121211921211312191532121212121211312191533$ $212121212113121915331$ $212121211312191533112121211312191533111$ $212113121915331111$ $21131219153311111]$
$C_{22}$ self-dual $A\cdot A^{T}=-I$
$A^{T}$ $A$
Euclidean weight 44 $C_{22}$
codeword Euclidean weight 44
minimum Euclidean weight
37
MAGMA $C_{22}$ extremal Type $\mathrm{I}\mathrm{I}$
code
2. $\mathbb{Z}_{22}$ 24 extremal Type II code $\text{ }$ ‘
Leech lattice norm 22 orthogonal frame
Chapman [2] A :
3. $k\geq 2$ $\text{ }$ Leech lattice norm $2k$
orthogonal frame o
code T binary
extended Golay code extremal
4. $k$ $\mathbb{Z}_{2k}$ extremal Type $\mathrm{I}\mathrm{I}$ code
3Dong-Li-Mason-Norton
5(Dong, Li, Mason and Norton [5]). A Leech lattice
$N$ Niemeier lattice
(1) $\sqrt{2}N\subseteq \mathrm{A}$
- [7] (1) Neimier lattice $\mathbb{Z}_{4}$ Type II




(1) Neimier lattice $N$ Construction A $\mathbb{Z}_{4}$
Type $\mathrm{I}\mathrm{I}$ code (
[7] )
1. $N$ Leech lattice root $\mathbb{Z}_{4}$ self-Orthogonal
code ( self-dual code




2. Leech $\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{t}\mathrm{i}\ovalbox{\tt\small REJECT}$
self-dual $g$ $arrow\ovalbox{\tt\small REJECT}$
Leech lattice MOG extedned Golay










$a_{1}$ $=$ (1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a2 $=$ $(\overline{1},1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)$ ,
$a_{3}$ $=$ $(0, \overline{1},1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)$ ,
$a_{4}$ $=$ $(0, 0, \overline{1},1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)$ ,
$a_{5}$ $=$ $(0, 0, 0, \overline{1},1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)$,
$a_{6}$ $=$ $(0, 0, 0, 0, \overline{1},1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)$,
$a\tau$ $=$ $(0, 0, 0, 0, 0, \overline{1},1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)$ ,
$a_{8}$ $=$ $(0, 0, 0, 0, 0, 0, \overline{1},1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)$ ,
$\overline{1}$ -1 $a_{1},$ $\ldots,$ $a_{8}\mathrm{t}\mathrm{J}$ $D_{8}$
$\mathbb{Z}_{4}$ $2a_{1}=2a_{2}$







23 Niemeier lattice $\mathbb{Z}_{4}$
Type $\mathrm{I}\mathrm{I}$ code [7]
4 $\mathbb{Z}_{4}$ $\mathbb{Z}_{6}$ extremal Type $\mathrm{I}\mathrm{I}$ code
2 3
$\text{ }$
$\mathbb{Z}_{4}$ $\mathbb{Z}_{6}$ extremal Type $\mathrm{I}\mathrm{I}$ code
extremal $\mathbb{Z}_{4}$
$n$ Type II code $d_{E}=8[n/24]+8$ extremal
64 $\mathbb{Z}_{6}$ $n$ Type $\mathrm{I}\mathrm{I}$ code
$d_{E}=12[n/24]+12$ extremal $\text{ }$
40
minimum Euclidean weight
$\mathbb{Z}_{4}$ extremal Type $\mathrm{I}\mathrm{I}$ code
$\mathbb{Z}_{2k}$ Type $\mathrm{I}\mathrm{I}$ code $C,$ $C’$ $C’$
-1 $C$
$\mathrm{F}$ $\mathrm{S}$ 8 16 24 32 40 48 56 64
$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ 4 5 many many $\geq 2$ $\geq 1$ ? ?
24 32 extremal Type II code
$\mathbb{Z}_{6}$ extremal Type $\mathrm{I}\mathrm{I}$ code T
:
$\mathrm{F}\mathrm{g}$ 8 16 24 32 40 48 56 64
$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$
$\geq \mathrm{I}$ $\geq 2$ $\geq 10$ $\geq 10$ $\geq 9$ $\geq 3$ $\geq 1$ $\geq 1$
56 64
Niemeier lattice $\mathbb{Z}_{6}$ Type II
code
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